It is shown that all Hanoi and Sierpiński graphs are in edge-and total coloring class 1, except those isomorphic to a complete graph of odd or even order, respectively. New proofs for their classification with respect to planarity are also given.
Hanoi graphs
 were found by Arett (cf. [2] ; see Theorem 2). Moreover, it had been known that for n ∈ N there is an essentially unique 3-edge-coloring for H n 3 given by the label of the idle peg, i.e. the one not involved in the move corresponding to an edge (cf. [23, p. 97] ). However, the quest by Stockmeyer [26] for the chromatic index χ ′  H n p  for bases higher than 3 turned out to be quite intriguing by the fact that an answer seemed to be more demanding for small n and large p than for higher values of n, the case which usually is the more difficult one in connection with metric questions. The present paper will decide the edge-and total chromatic classification of H n p together with the analogous problem for the Sierpiński graphs S n p . For the latter, we will thereby refute a conjecture by Jakovac and Klavžar [15, Conjecture 4.5] .
Sierpiński graphs
Sierpiński graphs were introduced in [17] , motivated by topological studies on universal spaces based on relations on the sets V
n 0 . The graphs were named for Sierpiński because of direct connections to the Sierpiński triangle mentioned before. The edge sets are defined by
or can be given recursively by
, and for the size we have
Note that we may include the case p = 2 without losing connectedness, S n 2 being isomorphic to the path graph P 2 n and thus also to the state graph of another famous puzzle, the Chinese rings (also known by the French name Baguenaudier) with n rings (cf. [1] [13] for the case p = 3 and [8, Theorem 3] for the corresponding result for H n 3 ). This is also the reason why the methods to determine average eccentricities and distances carry over from p = 3 to larger p for Sierpiński, but not for Hanoi graphs (cf. [12] ). Further details about metric properties of Sierpiński graphs can be found in [21] , where one also finds the chromatic number χ  In order to avoid the triviality of a static (S)TH, we exclude n = 0 from the considerations which follow and begin with the well-known case n = 1.
Complete graphs
For the complete graphs K p the following facts are well-known (cf. [28, Theorem 20B] , [29, Theorem 3 .1]); we will give the proofs anyway in order to introduce specific colorings needed in later sections.
Proof. Degrees and vertex-chromatic number χ are clear. The canonical vertex-coloring c p will be given by ∀i ∈ [p] 0 : c p (i) := i. Non-trivial lower bounds for the edge-chromatic number χ ′ in the odd case and for the total chromatic number χ ′′ in the even case are provided by 
-edgecoloring with colors k and (k + 1) mod p missing in line k ∈ [p] 0 . Therefore, we may color the vertices by the canonical vertex-coloring to obtain the special total (p + 1)-coloring of K p . Since color (k + 1) mod p is still missing in line k, we can join vertex k with a new vertex named and colored p with an edge of this color, thus obtaining the special edge-/total (p + 1)-coloring for K p+1 (cf. Fig. 2 ). In view of Theorem 1 we may assume that n ≥ 2 from now on.
Vertex-colorings
The result on the chromatic numbers of Hanoi and Sierpiński graphs mentioned in the Introduction reads as follows. 
because every move in the TH consists of the change of the value of precisely one s d . A p-coloring for S n p is given by
because every move in the STH involves the change of the position of disc 1.
Edge-colorings
We begin our analysis of edge-colorings with formulas for extremal degrees. 
and the maximal degrees are
Proof. The divine rule allows up to k ∈ [p − 1] topmost discs to move in a given state of the TH. The smallest of these can move to p − 1 pegs, the second smallest to p − 2 & c. This adds up to
The minimal degree is obtained for k = 1 and there are states with k = p − 1, if n ≥ p − 1; otherwise k can only be as large as n.
In a given state of the STH, disc 1 can always move to p − 1 destinations, and one more move is allowed involving the maximal subtower it belongs to in a non-extreme vertex.
An immediate consequence of Proposition 1 is the following result which will be useful later on.
Main theorem
Our comprehensive result on edge-colorings is the following. As it is clear that χ ′ (G) ≥ ∆(G) for any graph, we will prove our theorem by providing appropriate ∆(G)-colorings Proof of Theorem 3. The Hanoi case follows by double induction on p ≥ 3 and n ≥ 2 from Lemma 1 (applied for p = 3), Lemma 2 (to cover n = 2), and Lemma 3 together with Corollary 1. The Sierpiński case is obvious from Lemmas 4 and 5 in view of Proposition 1. 
Lemma 4. For p even, S

Proofs of the lemmas
Proof of Lemma 2.
The case p = 3 is already included in Lemma 1. For even p, the following algorithm will produce a (2p − 3)-coloring.
Step 0. Write down the adjacency matrix A for H 
 colors free to color H(l).
The graph H(l) in turn decomposes into mutually independent subgraphs depending on what lies below disc 1 on peg l and is therefore blocked inside H(l). The worst case with respect to edge-coloring is when disc 1 is alone on peg l. With disc 1 and peg l missing, the corresponding component of H(l) is isomorphic to H n−1 p−1 .
Remark.
It is not possible to employ the strategy in the proof of Lemma 3 for the algorithm in the proof of Lemma 2, namely to use p identical canonically colored copies of K p along the diagonal of the adjacency matrix for H , however, such that the latter turns out to be the most crucial case which has to be treated by the algorithm in the proof of Lemma 2.
For the Sierpiński case as well it is necessary to proceed according to the parity of p due to the different behavior of K p with respect to edge-coloring. Here it turns out that the even case (Lemma 4) is easy (cf. Fig. 4 ) while the odd case (Lemma 5) is slightly more demanding. 
Total colorings
The total chromatic numbers of Hanoi and Sierpiński graphs can be obtained in a similar fashion as the chromatic indices.
However, as can be seen from Theorem 1, the roles of odd and even p change. Again it is clear that χ remains is to color the edges belonging to disc-1-moves with extra colors. Since p is even, this can be done with p − 1 colors by Theorem 1.
The Hanoi case of Theorem 4 now follows immediately from these lemmas by induction.
Total Sierpiński colorings
The Sierpiński case of Theorem 4 is a direct consequence of the following two lemmas. Proof of Lemma 4 ′ . As for Lemma 4, we color all edges corresponding to non-trivial switches with color p and all subgraphs belonging to fixed distributions of discs 2 to n according to the special total coloring of K p , using colors from [p] 0 (cf. the adjacency matrix for S 2 5 in the Appendix).
Proof of Lemma 5
′ . As for Lemma 5, the proof is by induction on n ∈ N. For n = 1, we can use the special total coloring for K p ∼ S We finally give one more example, namely a proper total coloring with 7 colors for S 2 6 , which is the smallest counterexample for [15, Conjecture 4.5] . We start with the special edge-coloring of K 6 with vertices colored as in the preceding proof; see Fig. 5 . Note that color k is missing in row k, i.e. at vertex k. One now obtains a 7-total-coloring of S 2 6 from the scheme of Fig. 6 . Again this is meant as a colored adjacency matrix, but in an abbreviated form, where k stands for the subgraph with the larger disc on peg k. So the entry Π k in row k and column k stands for the K 6 of moves of disc 1 with disc 2 fixed on peg k. Here Π k is obtained from the total coloring of K 6 by the permutations:
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